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Fun Game: 
Hide and Seek

• One player is the Hider, the other is the Seeker 

• Each player simultaneously writes down a box number 

• If they match, the Seeker wins  
Otherwise, the Hider wins

A B A A
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Crawford & Iriberri (2007)
Why?  
Extends existing models to explain further anomalies 

• Extend level-0 type in level-k models to be attracted to 
salience rather than uniform randomization 

• Apply model to guessing games like the fun game 

• Compare to (a small set of) alternative models

``[Level-k models] have strong experimental support, which should allay 
 the concern that once one relaxes equilibrium, anything is possible''



Model
• L0 cares about salience, not payoffs 

• Edges are salient 

• Box labelled B is salient 

• L0 constraints: 

• Assumed not to actually exist 

• Make symmetric choices in both Hider and Seeker roles 

• L1 best responds to L0 

• L2 best responds L1, etc.



Alternative Models

1. Nash Equilibrium 

2. Quantal Response Equilibrium 

3. NE and QRE with perturbed payoffs 

• Add e to edges, f to B-box for Seekers 

• Subtract e,f for Hiders



Stylized Anomalies

1. "Central A" is modal choice for both Hiders and Seekers 

2. "Central A" is more prevalent for Seekers than for Hiders

A B A A
1 2 3 4

"Central A"



Model Fit
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TABLE 3-PARAMETER ESTIMATES AND LIKELIHOODS FOR THE LEADING MODELS IN RTH's GAMES 

Model Ln L Parameter estimates Observed or predicted choice frequencies MSE 

Player A B A A 

Observed frequencies H 0.2163 0.2115 0.3654 0.2067 
(624 hiders, 560 seekers) S 0.1821 0.2054 0.4589 0.1536 - 

Equilibrium without -1641.4 H 0.2500 0.2500 0.2500 0.2500 
perturbations S 0.2500 0.2500 0.2500 0.2500 0.00970 

Equilibrium with -1568.5 eH es = 0.2187 H 0.1897 0.2085 0.4122 0.1897 
restricted perturbations fH 

=fs 
= 0.2010 S 0.1897 0.2085 0.4122 0.1897 0.00084 

Equilibrium with -1562.4 eH = 0.2910,f, = 0.2535 H 0.2115 0.2115 0.3654 0.2115 000006 
unrestricted perturbations 

es = 0.1539,fs = 0.1539 S 0.1679 0.2054 0.4590 0.1679 

Level-k witha -1564.4 p > 1/2 and q > 1/4,p > 2q, H 0.2052 0.2408 0.3488 0.2052 000027 0.00027 
role-symmetric r = 0, s = 0.1896, t = 0.3185, S 0.1772 0.2047 0.4408 0.1772 
LO that favors salience u = 0.2446, v = 0.2473, e = 0 

Level-k with a role- -1563.8 PH < 1/2 and q, < 1/4, H 0.2117 0.2117 0.3648 0.2117 0.00017 
asymmetric LO that favors Ps > 1/2 and qs > 1/4, S 0.1800 0.1800 0.4600 0.1800 0.00017 
salience for seekers r = 0, s = 0.66, t = 0.34, 
and avoids it for hiders e=0.72; u = v 0 imposed 

Level-k with a -1562.5 p < 1/2 and q < 1/4, p < 2q, H 0.2133 0.2112 0.3623 0.2133 0.00006 role-symmetric r = 0, s = 0.3636, t = 0.0944, S 0.1670 0.2111 0.4549 0.1670 
LO that avoids salience u = 0.3594, v = 0.1826, s = 0 

but without it many of the alternative models 
have identification problems and those with a 
role-asymmetric LO can achieve a near-perfect 
fit with r = 1, "explaining" the data by tabu- 
lating them.14 Given r = 0, estimating a level-k 
model amounts to choosing the (p, q) combina- 
tion for LO, or equivalently the implied normal 
choices for L1 seekers and hiders, such that 
the L1 choices and the choices they imply for 
higher types maximize the likelihood, given the 

restrictions imposed. Figure 3 graphs the regions 
in (p, q)-space for which LO hiders or seekers 
yield each possible combination of choices for 
L1 hiders and seekers, numbered 1 through 6. In 
the most general level-k model, with no restric- 
tion on the role-symmetry of LO or its response 
to salience, LO hiders and seekers can be inde- 
pendently assigned to regions 1 through 6, or 
equivalently (Figure 3) L1 seekers' and hiders' 
choices can be chosen independently from {end 
As, central A, B}, which yields 9 possible cases.15 
With a role-symmetric LO but no restriction on 
its response to salience, LO hiders' and seekers' 
regions must be the same but can otherwise be 
chosen freely, which yields six possible cases. 
In our proposed model, with a role-symmet- 
ric LO that favors salience, this joint choice is 
restricted to regions 1 and 2, in which L1 hiders 
choose central A and L1 seekers choose either B 

maxima as spurious because it is implausible that there are 
very many subjects with such knife-edge combinations. 

14 We say only "near-perfect" because our models 
restrict LO's choice probabilities to be the same for end A 
locations within each player role, so their predicted fre- 
quencies are also the same, which is not quite true in the 
data. Equilibrium with perturbations imposes an analogous 
restriction, so this should not bias the comparisons. Without 
the r = 0 constraint, all maximum-likelihood estimates for 
models with a role-asymmetric LO are equivalent to r = 1. 
Our proposed model estimates r = 0 because, while a role- 
asymmetric LO can fit hiders and seekers independently, 
a role-symmetric LO cannot fit their different choices as 
well as higher types can. Our finding that there are no LO 
subjects is consistent with the common finding that people 
underestimate others' sophistication relative to their own 
(Georg Weizsicker 2003). 

15 The most general level-k model falls short of full 
generality only because we define the types as discussed 
in footnote 8, restrict LO's choice probabilities to be the 
same for end A locations within each player role, impose 
r = 0, and rule out (p, q) combinations that make L1 hiders 
or seekers indifferent between locations. 



Burchardi and Penczynski 
(2014)

Why? 

• Neat experimental setup 

• Taking the possibility of L0 agents seriously instead of just 
assuming them away 

Aims to answer 3 questions: 

1. How many players are level-0? 

2. What do level-0 players do? 

3. What do other players believe that level-0 players do?



Experimental Design
Players in teams of 2 play the Beauty Contest: 

1. Each teammate simultaneously sends a one-time textual message to the 
other player advocating for an action 

2. After they've read each others' messages, each teammate chooses an 
action 

3. With 50/50 probability, one of the teammates choices is used as the 
team's action 

4. Teammates each get the same reward based on their action 

RAs estimate upper and lower bounds on level of reasoning from the 
textual arguments!



Structural Estimation

• Estimate the parameters of a pretty standard level-k model 
from action choices 

• Level-0 plays a Gaussian distribution whose parameters are 
learned 

• Probability of each agent being level k is forced to 0 whenever 
k is outside the estimated bounds



Results: Doing and Thinking
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Table 2
Level classification results.

Level upper bounds Total

0 1 2 3 NA

Level lower bounds

0 17 11 1 0 6 35
1 26 3 0 2 31
2 6 5 0 11
3 1 0 1
NA 6 6

Total 17 37 10 6 14 84

Notes: The cells in this table indicate the number of subjects that were classified with the respective combination of lower and upper bound.

Fig. 2. Suggested decisions of level-0 players (N = 17).

4.2. Level-k bounds

Table 2 presents the lower and upper bounds on the level of reasoning of individuals. For 70 participants both a lower
and an upper bound were indicated. Eight participants have a non-classified upper bound. Another 6 participants did not
make any statement and could therefore not be classified.

For 50 of the 84 participants the lower and the upper bounds coincide (≈ 60%) and hence the classification fully de-
termines their level of reasoning. These are 17 level-0, 26 level-1, 6 level-2 and 1 level-3 players, corresponding to the
diagonal of Table 2. For further 20 players the classification restricts the level of reasoning to be one of two possibilities.
Only for one participant we have an interval between 0 and 2. None of those participants for whom both a lower and upper
bound is indicated was classified as potentially reasoning higher than level 3.22

Two players identified the Nash equilibrium, one of them being an ‘equilibrium’-type that suggested playing 0, another
one being ‘sophisticated’ in the sense that she imitated a level-2 player and suggested 20. No upper bound was assigned
to those players who identified the equilibrium. Further two participants were found to apply elimination of dominated
strategies.

To the extent that the written messages reflect the players’ true level of reasoning, the data suggests that at least 20%
of the subjects are non-strategic reasoners, since 17 out of 84 participants are identified as level-0 reasoners. For additional
24 participants we cannot exclude the possibility that they are level-0 reasoners. When estimating the level-k model (see
Section 5.3) we estimate 37% of the population to be level-0 reasoners.

4.3. Level-0 actions and beliefs

We analyse the actions chosen by those with a lower and upper bound of 0 in order to provide an estimate of the
distribution of level-0 play. Panel B of Table 1 shows summary statistics of the suggested decisions of the 17 players who
are identified as level-0 players from the communication, and Fig. 2 shows a histogram of these decisions. A one sample
Kolmogorov–Smirnov test finds that the distribution is significantly different from uniform (p-value = 0.038). Level-0 players
choose on average 62 and their median choice is 60, deviating from the uniform distribution in the direction of higher
numbers. The null of the mean of level-0 actions being equal to 50 is not rejected at a 5% significance level (p-value = 0.076)
when tested against the alternative that it is different from 50.23

22 The data by subject can be obtained from the authors upon request.
23 The p-value is calculated by simulating (with 100,000 runs) the distribution of the mean of 17 draws from a uniform distribution on the interval
[0,100].
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Fig. 3. Communicated level-0 beliefs (N = 36).

The analysis of the written accounts of individual reasoning further allows us to analyse the players’ communicated
beliefs about the average action of level-0 players. In 36 of the messages the players stated a non-derived belief about the
average action of other players.24 Table 1 shows summary statistics of the communicated level-0 beliefs in panel C. The
mean of these level-0 beliefs is 55.25. Fig. 3 presents the distribution of the communicated level-0 beliefs.25

More than 20 participants started reasoning with a communicated level-0 belief of exactly 50, consistent with the as-
sumption of a degenerate level-0 belief derived from a uniform level-0 distribution. Interestingly, players who choose a
different starting point for their reasoning predominantly deviate in a direction consistent with the level-0 actions, causing
the mean to be higher than 50, namely 55.26. 11 players have a level-0 belief between 55 and 66. The alignment might
result from salience considerations, since p = 2/3 ≈ 0.667 possibly primes towards higher numbers than 50.

5. Estimation of structural level-k model

This section discusses how a generalised level-k model, which allows for heterogeneous level-0 beliefs, can be estimated.
We will use the suggested decision together with the upper and lower bounds obtained from the classification to estimate
the model’s structural parameters, in particular the distribution of level-k types and the distributions of level-0 actions and
beliefs. Among others this allows us to estimate the fraction of level-0 players.

5.1. An estimable model

The level-k model outlined in Section 2 makes a probabilistic prediction about the observed actions. Let fk(x;ηk) denote
the probability mass function over the actions of a level-k player. Then the unconditional probability mass function of the
action of some player i can be written as

p(xi;ψ) =
K!

k= 0

lk fk
"
xi;ηk# (1)

where ψ = (l,η0, ξ), lk ! 0 for all k and
$K

k= 0 lk = 1. This is a convex combination of component densities denoted in the
statistics literature as ‘finite mixture distribution’. The lk ’s give the weight of each component distribution, and the ηk ’s are
the parameters which characterise each component distribution.26

The distribution of all actions is hence a finite mixture of the action distributions of level-0, level-1, level-2 players and
so on. We will outline in Section 5.2 how to consistently estimate the parameter vector ψ . In the following we will first
describe which form fk(x;ηk) takes, how it depends on the level-0 action and belief distributions and how we parameterise
these.

Action distributions in the level-k model The action distribution of a level-0 player is simply f0(x;η0). The actions of higher
level players, fk(x;ηk) with k ! 1, are derived from their level-0 belief bi . As the level-0 belief is a random variable, the
action distribution of a level-k player can be understood as the distribution of a transformed random variable.27

24 An example of such a statement is: “I think there’s got to be at least 8 or 9 teams, so I reckon thats got to come to at least 500 in total, the average of
which would be about 55–60, which gives 40 as two thirds of it. So I say we go for between 40 and 50.” This was classified as a level-0 belief of 57.5. Of
these 36 messages for which a level-0 belief was classified, one was written by a player identified as level-0 player, who while stating a belief about the
average of other players’ actions did not best respond to it.
25 Out of 36 players, 7 indicate a narrow interval for their belief about the mean of level-0 actions. The remaining 29 players indicate a single number for

their belief about the mean of level-0 actions. This is in line with results that level-0 beliefs are degenerate in Ho et al. (1998).
26 The parameters ηk , k = 1,2,3 . . . are a function of ξ .
27 A non-degenerate level-0 belief distribution implies a non-degenerate action distribution for higher level players. In our model, without decision noise,

a non-degenerate level-0 belief distribution is required to explain a non-degenerate action distribution of higher level players.



Results: Proportions
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Table 2
Level classification results.

Level upper bounds Total

0 1 2 3 NA

Level lower bounds

0 17 11 1 0 6 35
1 26 3 0 2 31
2 6 5 0 11
3 1 0 1
NA 6 6

Total 17 37 10 6 14 84

Notes: The cells in this table indicate the number of subjects that were classified with the respective combination of lower and upper bound.

Fig. 2. Suggested decisions of level-0 players (N = 17).

4.2. Level-k bounds

Table 2 presents the lower and upper bounds on the level of reasoning of individuals. For 70 participants both a lower
and an upper bound were indicated. Eight participants have a non-classified upper bound. Another 6 participants did not
make any statement and could therefore not be classified.

For 50 of the 84 participants the lower and the upper bounds coincide (≈ 60%) and hence the classification fully de-
termines their level of reasoning. These are 17 level-0, 26 level-1, 6 level-2 and 1 level-3 players, corresponding to the
diagonal of Table 2. For further 20 players the classification restricts the level of reasoning to be one of two possibilities.
Only for one participant we have an interval between 0 and 2. None of those participants for whom both a lower and upper
bound is indicated was classified as potentially reasoning higher than level 3.22

Two players identified the Nash equilibrium, one of them being an ‘equilibrium’-type that suggested playing 0, another
one being ‘sophisticated’ in the sense that she imitated a level-2 player and suggested 20. No upper bound was assigned
to those players who identified the equilibrium. Further two participants were found to apply elimination of dominated
strategies.

To the extent that the written messages reflect the players’ true level of reasoning, the data suggests that at least 20%
of the subjects are non-strategic reasoners, since 17 out of 84 participants are identified as level-0 reasoners. For additional
24 participants we cannot exclude the possibility that they are level-0 reasoners. When estimating the level-k model (see
Section 5.3) we estimate 37% of the population to be level-0 reasoners.

4.3. Level-0 actions and beliefs

We analyse the actions chosen by those with a lower and upper bound of 0 in order to provide an estimate of the
distribution of level-0 play. Panel B of Table 1 shows summary statistics of the suggested decisions of the 17 players who
are identified as level-0 players from the communication, and Fig. 2 shows a histogram of these decisions. A one sample
Kolmogorov–Smirnov test finds that the distribution is significantly different from uniform (p-value = 0.038). Level-0 players
choose on average 62 and their median choice is 60, deviating from the uniform distribution in the direction of higher
numbers. The null of the mean of level-0 actions being equal to 50 is not rejected at a 5% significance level (p-value = 0.076)
when tested against the alternative that it is different from 50.23

22 The data by subject can be obtained from the authors upon request.
23 The p-value is calculated by simulating (with 100,000 runs) the distribution of the mean of 17 draws from a uniform distribution on the interval
[0,100].
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Table 3
Estimated level-k distribution.

Parameter l0 l1 l2 l3

Estimate 0.37 0.47 0.15 0.01
(0.057) (0.058) (0.042) (0.016)

Notes: The table presents the results from a maximum likelihood estimation of the structural model as outlined in Section 5.1. This table only presents
the results for the level-k distribution, but the level-0 action and belief distribution were estimated simultaneously. Those results are reported in
Table 4. Bootstrapped standard errors are given in brackets. These are obtained from 200 iterations of our estimation when sampling 84 observations
from our data.

Appendix A.2 shows by means of Monte Carlo experiments that with higher-level decision errors our estimator of ξσ
is biased, while there is no such evidence for any other parameter. Given that decision noise and heterogeneity of level-0
beliefs of higher-level players are not separately identified, the estimator ‘absorbs’ decision errors of higher-level players as
heterogeneity in the level-0 belief. This is why we do not explicitly specify decision errors of higher level players in our
empirical model. Given this modelling choice, it is important to keep in mind that a high estimate of ξσ might reflect the
presence of decision noise of higher level players.

5.3. Estimation results

Level-k distribution Table 3 shows the estimation results for the level-k distribution. We estimate 47% of the participants to
be level-1 reasoners, and 15% to be level-2 reasoners. We estimate only 1% of the participants to be level-3 reasoners. This
is similar to the classification results in Section 4.2. We estimate that more than one third of the players (37%) are level-0
players.

The estimates in Table 3 on the relative frequencies of level-k reasoners, conditional on k ! 1, resemble the relative
fractions of level-1, level-2 and level-3 reasoners found in the literature for various games (see Camerer et al., 2004;
Costa-Gomes and Crawford, 2006; Crawford and Iriberri, 2007a, etc.). This is reassuring and adds to the earlier evidence
that the level-k model can have predictive power for the distribution of actions as a function of population and game
characteristics.

However, our estimate of the fraction of non-strategic reasoners is substantially higher than previously estimated. Nagel
(1995) associates certain actions with level-0 play and estimates between 2% and 17% of the population to be level-0
reasoners. Camerer et al. (2004) parameterise the type distribution as Poisson and estimate the mean to be approximately
1.5, which by the distributional assumption corresponds to roughly 22% non-strategic play.

Some of the level-k literature suggests that level-0 players only exist in the heads of other players. The evidence pre-
sented in this paper sheds doubt on this assumption.

One reason for the heterogeneity of findings might be the ability of different methodologies to uncover the fraction
of level-0 players. We believe that our methodology is well-suited to uncover this fraction in a given subject pool. Other
reasons for the heterogeneity might be the subject pool and the amount of testing and training that is done before the
experiment, which might influence the capability of players to play strategically.33 In our study we did not play any test
rounds involving strategic situations. We believe this approach to be appropriate for studying one shot games.34 However,
another explanation for the high fraction of level-0 reasoners is that our experiment by its design might induce lower levels
of reasoning than a more conventional setup.

Level-0 actions and beliefs Table 4 presents our estimates of the parameters characterising the distribution of actions of
level-0 players and the beliefs of higher level players regarding their play.

We estimate the mean of the level-0 action distribution to be 58.38 and the mean of the level-0 belief distribution to be
54.01. These are close to the estimates we obtained non-parametrically in Section 4 and again consistent with each other.
None of the two is significantly different from 50. We estimate the level-0 action distribution to have a standard deviation
of 19.73. This is as well similar to the non-parametric estimate obtained before.35

33 Examples of studies which did perform some testing or training are: Stahl and Wilson (1995), who went through practice exercises aimed at learning
how the own pay-off is calculated given ones “beliefs about the other participants’ choices” (pp. 250–251), and find a fraction of level-0 players of 16%
or 18%, depending on the estimation procedure (p. 239); Bosch-Domènech et al. (2002), who examined comments provided with responses to newspaper
experiments, which had been published by the newspapers with explanatory cover stories (p. 1691 and Table 1), and find a fraction of level-0 players of
12% (p. 1692).
34 One robustness check for these results is the use of the final decisions rather than the suggested decisions. The results from the estimation are similar,

except for the mean of level-0 actions. The estimate of this is lower at 48.83 (see Appendix A.3 for all results). This is likely the case since level bounds are
unchanged and the persuasion that occurs during the communication is mostly picked up in the level-0 action distribution.
35 When estimating the level-0 action distribution with a beta distribution that nests the uniform distribution, the estimated distribution is very similar

in shape to the one found here. We estimate the level-0 belief distribution to have a standard deviation of 16.28, but our estimator is biased for this
parameter, as discussed above.


